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The present note is 
[9]: If A4 is one of 
means then 
1. INTRODUCTION 
inspired by the following result of Hoehn and Niven 
the arithmetic, geometric, harmonic, and quadratic 
lim M(x, + t, . . . . X, + t) - t = 
x, + .” +x, 
f+l n (1) 
for all x ,,..., x,>O, n~lV/. 
This result has been generalized in many ways. First Brenner [4] 
showed that (1) is still valid if M is a power mean, i.e., M(x, , . . . . x,,) is equal 
to one of the following expressions 
( > 
; i Xf ‘jp 
bZ0) or (X,) . ..) XJ’,“‘. 
,=l 
(2) 
The homogeneity of power means turns out to be very useful in proving 
(1); Generalizing the idea of this proof, Brenner and Carlson [S] showed 
that (1) remains valid for a large class of homogeneous means M. Similar 
results were later found independently by Aczel, Losonczi, and the author 
[la, lb]. 
The first result, where (1) was considered for nonhomogeneous means, 
was published by Boas and Brenner [3] in 1987. They investigated (1) in 
the class of quasiarithmetic means, i.e., when 
M(x,, . . . . x,)=M,(x,, . ..) x,,) :=& 1 (i!, 4(xi)>l (3) 
holds for all x,, . . . . x,, E Z, where I is an interval and 4 is a continuous 
strictly monotonic function. Boas and Brenner proved that (1) is still 
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satisfied if M is defined by (3) and 4 possesses certain regularity and 
asymptotic properties. 
The main observation of this paper is the following: If A4 is given by (3) 
then the expression 
M(x, + t, . ..) x,, + t) - 1 (4) 
is again a quasiarithmetic mean of x,, . . . . xnr namely, with the notation 
dl(x) = 4(x + t), Eq. (4) equals Mll(xl, . . . . x,). Therefore the content of (1) 
is that a family of quasiarithmetic means converges to the arithmetic mean, 
that is, to another quasiarithmetic mean. Thus, it seems to be a natural 
question to investigate the convergence of quasiarithmetic means. 
In what follows, we deal with the convergence of deviation means. This 
class of means, introduced by Dar&y [6], includes the quasiarithmetic 
means. We obtain necesary and sufficient conditions for a family of devia- 
tion means to be convergent. From these results we deduce necessary and 
sufficient conditions for (1) to hold in the classes of means mentioned 
above. 
2. DEVIATIONS, DEVIATION MEANS 
Let ZG R! be an open interval. Then a function E: Ix Z-r R is called a 
deviation (see Daroczy [6]) if 
(El) E(x, x)=0 for all XEZ; 
(E-2) Y ++ E(x, Y) is a strictly decreasing continuous function on Z for 
all fixed x E I. 
To define deviation means, let x,, . . . . x, E I and consider the sum 
E(x,, Y)+ ... +E(x,, Y). (5) 
By (E2), it is obvious that (5) is strictly decreasing and continuous 
function of y. Using (El) and (E2) one can check that (5) is positive if 
y < min(x,, . . . . x,) and is negative if max(x,, . . . . x,) <y. Therefore there 
exists a unique value y=y, between min(x,, . . . . x,) and max(x,, . . . . xn) 
such that (5) is zero. This value y,, is called the E-deuiation mean of 
x,, .,., x, and is denoted by ME(x,, . . . . x,). 
The simplest example of a deviation is the function E(x, y) = x -y 
(x, YE R). Then an easy computation shows that (5) is zero if 
y = (x1 + . . + x,)/n. Therefore the E-deviation mean of x1, . . . . x, is exactly 
their arithmetic mean. 
If 4: I+ R’ is a strictly monotonic and continuous function then 
E(x, y) = &J&x) - 4(y)) defines a deviation on Z (here .sg = 1 if 4 is 
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increasing and = - 1 if it is decreasing). One can easily check that the 
E-deviation mean of x, , . . . . X, now becomes the right hand side of (3), i.e., 
M, is a quasiarithmetic mean. 
Taking an f: I+ R + positive valued function, E(x, y) = .s#f(x)(&x) - 
d(y)) also defines a deviation on I. Then the resulting mean value is a 
so-called quasiarithmetic mean with weight function 
This class of means is due to Bajraktarevic [2]. A characterization of these 
means is given in [ 11). 
The above examples show that the class of deviation means includes 
many important means. 
3. CONVERGENCE THEOREMS 
THEOREM 1. Let T be an arbitrary subset of the extended real line and 
let t E T be an accumulation point of T. Assume that, for all t E T, a deviation 
E, : Ix I + R is given (where I is a nonempty interval). Then 
lim M,,(x,, . . . . x,) = M,,(x,, . . . . x,,) (6) ,-I 
holdsforallnEN,x ,,..., x,EIifandonlyif 
lim Et& Y 1 EAx, Y 1 -=- 
1-7 E,(Z> Y) Jw, Y) 
(7) 
is valid for all x, y, z E I with z # y, 
Proof. Assume that (6) is satisfied. To prove (7), first suppose that 
x < y < z. If (7) were not valid, then there would exist an E > 0 and a 
sequence t,, t2, . . . in T\{ r } with lim, _ 3c t, = z such that either 
E& Y) &(x, Y 1 
E,(z, y)‘E,(z,+’ (‘kEN) 
or 
Et& Y) ~ &(A Y) E 
E,,k Y) E,(z, Y 1 
(VkE N). 
(8) 
Assume that (8) holds (in the other case, the proof is similar). Then 
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x < y < z and the properties (El ) and (E2) imply that both sides of (8) are 
negative numbers. Thus there exists p, q E N such that 
E&d)> --> P E& Y) 
E& Y) q E,(z, Y) 
(keN). (9) 
The first inequality yields (since Erk(z, y) < 0) that 
qE,(x, Y) + P&&, Y 1 G 0 (k l N). 
This implies by the definition of deviation means, that 
&$&, z, ..., z) 6 Y (kEN). 
ytimes p times 
Now applying (6) for the vector (xi, . . . . x,) = (x, . . . . x, z, . . . . z), we obtain -- 
ytimes pt,mes 
MEr(X, . ..) x, z, . ..) z) < y. 
-- 
q times p times 
However, this inequality is equivalent to 
q&(x, Y I+ PUG Y) 6 0 
which contradicts the left hand side inequality in (9). 
Thus we have proved that (7) is valid if x < y <z. Interchanging x and 
z in (7) and taking the reciprocals of both sides, we see that (7) is valid if 
y is between x and z (but not necessarily x <z). If y < min(x, z) then, since 
I is open, we can find a value u E Z such that u < y. Then, applying (7) for 
the triplets u <y < x and u < y < z, we have 
lim E,(u, = E,(u, Y) lim Et@, Y) _ E&, Y) 
1-7 -4(x, Y) &(A Y) 
and 
r--t? E,(u, Y) E,(u, Y)’ 
Multiplying these inequalities we obtain (7). 
The proof of (7) is completely similar if max(x, z) <y, and is obvious if 
x = y, thus (7) is verified for all cases. 
To show the converse, let xi, . . . . x, E I and let z E I be fixed with 
z > max(x,, . . . . x,). Then, by (7), we have 
lim Ef(xi Y) Ei(x19 Y) ---= 
1-7 Ek Y) EAz, Y) 
for all y E Z\ {z}, whence we obtain 
lim C?=, E,(xi> Y) = Z= 1 EAxi, Y) 
E,(z, Y) E,(z, Y) ’ 
YEI\( (10) f-t- 
56 ZSOLT PALES 
Denote MEr(x,, . . . . x,) by y, and take an arbitrary E > 0 such that 
.rO - 1-: EI, y. + c < z. Then, by the definition of y,,, 
,g, E,(*~i, Y,r)<O<,g, axi, Yo+E). 
Using (lo), it follows from these inequalities that 
i E,(x,, 4’0 -G) < 0 < i E,(Xj, y, + E). (11) 
r=l ,=I 
for all t # z in a suitable neighbourhood of z. However, (11) is equivalent 
to the inequalities 
4’0 - E < M&(X, ) . . . . x,,) < y, + E. 
Since E was arbitrary, this shows that (6) must be valid. 
The proof is complete. 1 
Remark. The above theorem can be extended to a more general class of 
means, the quasideviation means [lo]. However, for the sake of simplicity, 
we restricted ourselves to deviation means here. 
An easy consequence of Theorem 1 is the following. 
COROLLARY 1. Let T and T he as in Theorem 1 and assume that a,family 
4,: I + [w, (t E T) of continuous and strictly monotonic functions is given. 
Then 
lim M,, = MdI (12) r+* 
holds if and only ij 
lim d,(x) -d(Y) = dr(x) - d,(Y) 
‘-T4,(z)-#r(Y) d,(Z)-4JY) 
(13) 
is satisfied for all x, y, z E I with y # z. 
Prooj For t E T, let 
E,(-? Y) = q&w-~,(Y)), .Y, YEI. 
Then one can check that (6) is equivalent to (12) and (7) is equivalent to 
(13). Thus Theorem 1 yields the above corollary. 1 
As another consequence of Theorem 1 we can find necessary and suf- 
ficient conditions for the equality of deviation means (see Daroczyy 
Pales [ 71). 
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COROLLARY 2. Let E and F be given deviations on I. Then M,= M, if 
and only if 
E(x, y)F(z, Y) = E(z, YMX, Y) 
is valid for all x, y, z E I. 
Proof: Let T=Nu{co},~=co, E,:=EandE,:=F.ThenM,=M, 
holds if and only if lim, _ 5 E, = E,, which is, by Theorem 1, equivalent 
to 
E,(x, Y) Emk Y) 
n’i% E,(z,= E,(z, y) 
(x, .YZEI, Y#Z). 
However, this relation is valid if and only if 
E(x,y)=W, Y) 
Ek Y) F(z> Y) 
(4 Y,ZEh yfz). I 
4. HOEHN-NIVEN TYPE RESULTS 
THEOREM 2. Let I= ]a, cc [ and let E be an arbitrary deviation on I. 
Then 
lim M,(x, + t, . . . . x, + t) - t = Xl + 
..’ +x, 
t--r= n 
E(u + t, t) 
,‘k E( 1 + t, t) = ’ 
for all 24 E R. 
Proof: Let T= [O, co ] and define 
Et@, Y) = E(x + t, Y + t) if x,y>a, O<t<co 
and 
-&AX, Y)=x-Y if x, y > 0. 
Then, for all n E N, x,, . . . . x, > a, we have 
M&I > .. . . x,) = M,(x, + t, . ..) x, + t) - t 
and 
(15) 
M&x,, . . . . x,,) zx’ + ‘,’ +? 
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Therefore (14) is equivalent to the equality 
Applying Theorem 1, we find that ( 16) holds if and only if 
lim E,(x, Y) E,(X> Y) -= 
‘-m E,(z, Y) E,(z, Y)’ 
i.e., 
lim -qx+t,y+t) x-y =- 
I-m E(z+t, y+t) Z-J’ 
for all x, y,z>c1 with z#y. 
Putting z=y+ 1 in (17) we have 
x-y= lim E(x+r, y+t) . 
r+3c E(1 +y+t, y+t)=LnL 
qx-y+s,s) 
E(1 +s, s) (18) 
for all x, y > a. Since then the range of x - y is IF!, we find that ( 15) is a 
consequence of ( 18). 
Having (15) for all u E R, we can see that the first equality in (18) is true 
for all x, y > a. Similarly, we have 
lim m+t, y+t) 
r-cc E(1 +y+t, y+t)=Z-y 
for z, y > a. 
From these two equations, we obtain (17) for x, y, z > a, y #z. Thus (14) 
is also true and the proof is complete. 1 
The following corollary is a direct generalization of the result of Boas 
and Brenner [3]. 
COROLLARY 3. Let I= ]a, CQ[ and let 4 he a continuous strictly 
monotonic function on I. Then 
lim M$(x, + t, . . . . x, + t) - t = 
x, + ... +x, 
1-x n 
lim 4(u + t) -d(t) = u 
1-r:qql+t)-$4(t) 
(19) 
for all u E R. 1 
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Sometimes, if the generating function 4 possesses some regularity proper- 
ties, the following sufficient conditions can be useful. 
COROLLARY 4. Let I$: ]a, cc [ + R be a differentiable function with non- 
vanishing derivative. If we have 
lim d(u + t) - 4(t) = u 
t-00 4’(t) 
(20) 
for all u E IT% then (19) holds for all values indicated in Corollary 3. 
Proof: If (20) is satisfied then 
lim d(u + t) - 4(t) = lim d(u + t) - d(t) . lim d’(t) 
t-m #(I + t)-(b(t) r-a d’(t) r+m $(I + t)-#(t)=U 
for all 24 6R. 
Therefore, by Corollary 3, (19) is satisfied. 1 
To give an application of Corollary 4, let d(x) = xP (p # 0). Then 
lim d(u + t) -4(t) = lim (u + t)” - tP 
I--r00 d’(t) ,+E ptp-’ 
= lim (uit+~)p-~p~,imu~(~+~)p-~p~ 
U. 
t-5 Pit S-r0 PS 
Therefore (19) is valid for the power means defined in (2). 
ACKNOWLEDGMENT 
This research has been supported in part by a grant of the Natural Sciences and Engineer- 
ing Research Council of Canada, nr. 4-2972. 
REFERENCES 
la. J. AC&L, L. LOSONCZI, AND Zs. PALES, The behaviour of comprehensive classes of means 
under equal increments of their variables, in “General Inequalities 5” (W. Walter, Ed.), 
Internat. Ser. Numer. Math., Vol. 80, pp. 459461, Birkhluser, Basel/Boston/Stuttgart, 
1987. 
lb. J. ACZ~L AND ZS. PALES, The behaviour of means under equal increments of their 
variables, Amer. Math. Monthly 95 (1988), 856860. 
2. M. BAJRAKYAREVI~, Sur une equation fonctionnelle aux valeurs moyennes, Glas. Mar. 
Sk. III 13 (1958) 243-248. 
60 ZSOLT PALES 
3. R. P. BOAS ANU J. BKENNER, Asymptotic behaviour of inhomogeneous means, J. Math. 
Anul. Appl. 123 (1987). 262-264. 
4. J. BRENNER. Limits of means for large values of their variables. Pi Mu Epsilon J. 8 (1985), 
160-163. 
5. J. BRENNER AND B. C. CARLSON, Homogeneous mean values: Weights and asymptotics, 
J. Math. Anul. Appl. 123 (1987), 2655280. 
6. Z. DAROCZY, Uber eine Klasse von Mittelwerten, Puhl. Math. Debrecen 19 (1972), 
21 l-217. 
7. Z. DAR~CZY ANU Zs. PALES, On the comparison of means, Publ. Math. Debrecen 29 
(1982), 107-l 15. 
8. G. H. HARDY, J. E. LITTLEWOOD, ANU G. P~LYA, “Inequalities,” 2nd ed., Cambridge 
Univ. Press, Cambridge, 1952. 
9. L. HOEHN ANII I. NIVEN, Averages on the move, Moth. Mag. 58 (1985), 151-156. 
10. Zs. PALES, Characterization of quasideviation means, Actu Math. Acad. Sci. Hungar. 40 
(1982). 243-260. 
11. Zs. PALES. On the characterization of quasiarithmetic means with weight function, 
Aequufiones Math. 32 (1987), 171-194. 
